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Dense gaps and scaling relations in the interacting Aubry-Andre´ model
Vieri Mastropietro1
1Universita` degli Studi di Milano, Via Saldini, 50, 20133 Milano - Italy
We study, by rigorous Renormalization Group methods, the interacting Aubry-Andre´ model for
fermions in the extended regime. We show that the infinitely many gaps of the single particle
spectrum persist in presence of weak many body interactions, despite the presence of Umklapp large
momentum processes connecting the Fermi points. The width of the gaps is strongly renormalized
through critical exponents which verify exact scaling relations.
I. INTRODUCTION
The interplay between disorder and many body inter-
action produces intricate phenomena whose theoretical
understanding is extremely difficult, especially in high
dimensions. It is natural then to consider one dimen-
sional models and in this context a major role is played
by the interacting Aubry-Andre´ model [1],[2], in which a
quasi-random disorder in a one dimensional lattice is rep-
resented by a quasi-periodic potential u cos(2ωpix + φ),
with ω irrational. This choice of disorder is realized in
cold atoms experiments; using two incommensurate op-
tical lattices one can simulate the Aubry-Andre´ model
with bosons [4],[5] or fermions [6], and theoretical pre-
dictions can be compared with experimental results for a
wide range of parameters. The interacting Aubry-Andre´
model catches a number of properties of more realistic
systems; for instance it has a metal-insulator transition
at a single particle level as in 3d random models. In ad-
dition, it exhibits non trivial topological properties [7].
While the properties of the non interacting Aubry-Andre´
model are well understood, several basic properties of the
interacting case are still not known.
We consider the fermionic interacting Aubry-Andre´
model with hopping t and two-body interaction with
strength U , which can be mapped in Heisenberg chains
with a quasi-periodic magnetic field, and in one dimen-
sional bosons with hard-core interaction. In the absence
of quasi random disorder u = 0, U 6= 0 the many body
interaction produces Luttinger liquid behavior [8] charac-
terized by anomalous critical exponents verifying exact
scaling relation. In the opposite limit U = 0, u 6= 0 the
fermions are only subject to the disorder and their behav-
ior can be deduced by the corresponding single particle
Schroedinger equation (almost-Mathieu equation), which
has extended eigenstates for u < 2t (metallic regime)
[9][10] and localized eigenstates for u > 2t (Anderson
insulator) [11]. In addition the spectrum is a Cantor
set for any irrational ω [12]. Such remarkable properties
are related to a deep connection of the properties of the
almost Mathieu equation with the Kolmogorov-Arnold-
Moser (KAM) theorem expressing the stability of invari-
ant tori in quasi integrable hamiltonian systems. In the
extended regime u < 2t, there are infinitely many gaps of
decreasing size, forming a dense set; the zero temperature
correlations of the fermionic many body non interacting
problem decay exponentially if the chemical potential is
in one of the gaps, while as a power law for chemical
potentials in a point of the spectrum [13].
Given the complexity of the single particle problem,
and the critical behavior produced by the many body in-
teraction on free particles, it is not surprising that quanti-
tative predictions for the interacting Aubry-Andre´ model
are a difficult task, and have been pursued mostly by nu-
merical methods in the fermionic [14], [15], [16],[17] and
bosonic case [18],[19],[20]; non perturbative effects could
however be missed due to size limitations. On the ana-
lytical side, in [21] it was studied a system of interacting
fermions subject to a weak quasi-periodic potential with
exponentially fast decaying harmonics, and insulating be-
havior was rigorously proved for chemical potentials in
the gaps, provided that the corresponding harmonic is
non vanishing; for Aubry-Andre´ potential, this says that
the largest gap persists. In [22],[23] it was studied a
quasi periodic potential with slow decaying harmonics,
the Fibonacci potential [24], and second order analysis
suggests a a scenario (whose validity at all orders has to
be checked) in which the largest gaps persist in presence
of interaction while the smaller ones are closed by an
arbitrarily small interaction, so that an insulator-metal
transition is present at weak coupling.
In the present paper we consider the fermionic inter-
acting Aubry-Andre´ model in the extended regime (for
the localized regime see [25]) and we address the follow-
ing questions: do small gaps close or they all persists in
presence of a weak interaction? If the system remains
insulating, which is the interaction effect on the gaps?
Due to the incommensurablity of the potential, the oppo-
site Fermi points can be (almost) connected by Umklapp
processes involving the exchange of very high momenta,
producing a sort of infrared-ultraviolet mixing problem;
the persistence or closure of small gaps is therefore a sub-
tle problem related to the relevance or irrelevance of such
processes, and it requires non-perturbative methods and
the exploitation of number theoretical properties to be
settled. Our conclusion, based on rigorous Renormaliza-
tion Group methods methods, is that every gap persists
in presence of a weak many body interaction; in contrast
to what is expected for Fibonacci potential, no insulator-
metal transition is present. The width of the gaps ∆n,U ,
n = 1, 2, , ,, obtained by the decay rate of correlations, is
strongly renormalized by the interaction through a crit-
ical exponent ∆n,U ∼ ∆Xnn,0, with Xn verifying the exact
scaling relation Xn =
1
2−Kn , with Kn is the exponent
2of the oscillating part of the density-density correlation;
note that Kn depends weakly from n and is greater or
smaller than 1 depending on negative or positive U . The
fact that in the interacting Aubry-Andre´ there is a nat-
ural scale with such exponent is apparently observed in
numerical simulations [18]. As this renormalization is
present in all gaps, including the smallest ones, the rel-
ative size of renormalized and bare gaps is dramatically
increased or decreased depending on the repulsive or at-
tractive nature of the interaction.
The paper is organized in the following way. In §II
we define the model, and we discuss some number theo-
retical properties of the frequency; in §III we set up our
exact Renormalization Group analysis. According to di-
mensional considerations, there is an infinite number of
relevant or marginal interactions; however, in §IV we will
show that indeed a huge number of such terms is indeed
irrelevant and only a finite number of effective interac-
tions is relevant or marginal. In §V we renormalize the
true relevant or marginal terms, and in §VI we study the
flow of the running coupling constants. Finally in §VII
we prove the persistence of the gaps and the validity of
the scaling relations and in §VIII the main conclusions
are presented.
II. THE MODEL
The Hamiltonian of the fermionic interacting Aubry-
Andre´ model, as appearing in cold atoms experiments,
see e.g. [6], is (t = 1 for definiteness)
H = −
∑
x
1
2
(a+x+1ax + a
+
x a
−
x−1) + µ
∑
x
a+x a
−
x (1)
+u
∑
x
cos(2piωx+ φ)a+x a
−
x + U
∑
x,y
v(x− y)a+x a−x a−y a+y
with x = 0,±1,±2, ..., u > 0, v(x − y) a short range
interaction and a±x fermionic creation or annihilation op-
erators. It is not restrictive to choose the phase φ = 0.
The irrational frequency ω is assumed Diophantine
||2npiω|| ≥ C|n|−τ , n 6= 0 (2)
||.|| being the norm on the one dimensional 2pi torus. This
is the standard condition usually assumed for the non
interacting case U = 0 [9],[10],[11] and it is physically not
restrictive as Diophantine numbers have full measure.
In order to impose periodic boundary conditions (usu-
ally adopted in numerical simulations ) we recall that
the continued fraction representation of a number ω is
the sequence of positive integers such that
ω = a0 +
1
a1 +
1
a2+
1
a3+...
(3)
If ω is rational the sequence a0, a1, ., , , aN is finite, while
if ω is irrational the sequence is infinite. In noble num-
bers, which are Diophantine, the sequence has the form
a0; a1, .., aN , 1, 1, ...1, ... For instance the golden ratio
ω =
√
5+1
2 has representation 1; 1, ..1, .. and it verifies
the Diophantine condition (2) with τ = 1 and C0 =
3+
√
5
2 . Periodic boundary conditions are imposed consid-
ering a sequence of periodic potentials of period L such
that quasi-periodicity is recovered in the thermodynamic
limit. In order to do that we approximate ω by a se-
quence of rational numbers (convergents) p1q1 = a0 +
1
a1
,
p2
q2
= a0 +
1
a1+
1
a2
and so on. For the golden ratio,
the sequence is given by the ratio of Fibonacci num-
bers {1, 2,1 , 32 , 85 , 138 , ., piqi , ...}. Properties of the conver-
gents imply, see e.g. [13], that if ω verifies the Diophan-
tine condition then |pi(npiqi−k)| ≥ C2|n|τ if q1 ≤ n ≤
qi
2 and
any k. Therefore we can impose periodic boundary condi-
tions by considering a sequence of lengths Li and periodic
potentials with rational frequencies ωLi, i = 1, 2, 3, .. con-
verging to a Diophantine number ω; we choose ωLi =
pi
qi
and Li = qi, so that the analogue of the Diophantine
condition is verified at finite volume.
We are interested in the thermodynamical correlations
at zero temperature, like the 2-point function with imag-
inary time < a−x a
+
y >, a
±
x = e
Hx0a±x e
−Hx0 , x = (x0, x)
and <>= Tre
−βHT .
Tre−βH and T is the time order product.
Another important quantity is the density-density cor-
relation < ρx; ρy >T , with ρx = a
+
x a
−
x and T denotes
truncation. In the non interacting U = u = 0 limit
< T a−x a+y > |U=u=0 = g(x,y) with
g(x,y) =
∫
dk
eik(x−y)
−ik0 + cos k − µ (4)
We call pF the Fermi momentum defined as µ = cos pF ;
the denominator of (4) is vanishing in correspondence of
the two Fermi momenta ±pF .
We will study the system considering both the quasi-
periodic potential and the interaction as perturbations
of the free Fermi gas. It could seem more natural to
consider as unperturbed system the fermions described
by the almost Mathieu equation, whose properties are
known. This however would not work, as the presence
of anomalous critical exponents related to the Luttinger
liquid behavior says that an expansion in power series of
U around zero cannot be convergent (unless U is much
smaller than u).
III. RENORMALIZATION GROUP ANALYSIS
The Fermi momenta in correspondence of which there
are gaps are
pF = nFpiω mod.2pi (5)
with nF integer. In order to take into account the shift of
the chemical potential due to the interaction, we choose
a chemical potential of the form cos(nFpiω) + ν, and we
will choose the counterterm ν = ν(u, U) so that the Fermi
momentum is just (5).
3The correlations can be obtained by derivative of the
generating function, expressed by the following Grass-
mann integral
eW (φ,J) =
∫
P (dψ)eV(ψ)+B(φ,J) (6)
where ψ±x are Grassmann variables, P (dψ) is the Grass-
mann gaussian integration with propagator (4), with
µ = cosnFpiω, V is the effective interaction
V = −U
∫
dxdyv(x − y)ψ+x ψ−x ψ+y ψ−y + (7)
u
∫
dx cos(2piωx)ψ+x ψ
−
x + ν
∫
dxψ+x ψ
−
x
with
∫
dx =
∑
x
∫ β/2
−β/2 dx0, and B is the source term
B(φ, J) =
∫
dx[φ+x ψ
−
x + φ
−
x ψ
+
x + Jxψ
+
x ψ
−
x ] (8)
The 2-point function is given by ∂
2W
∂φ−x ∂φ
+
y
|0 and the
density-density correlation is given by ∂
2W
∂Jx∂Jy
|0.
The generating functional (6) can be analyzed by ex-
act Wilsonian Renormalization Group. We introduce
a smooth cut-off function χρ(k), k = (k0, k),which is
non vanishing for
√
k20 + ((k − ρpF )mod.2pi)2) ≤ γ, where
ρ = ±1 and γ > 1 is a suitable constant; therefore we
can write the propagator as
ĝ(k) = ĝ(u.v.)(k) +
∑
ρ=±
ĝρ(k) (9)
where ĝρ(k) =
χρ(k)
−ik0+cos k−cos pF , and correspondingly
ψk = ψ
(u.v.)
k +
∑
ρ=±1 ψk′,ρ with k = k
′ + ρpF , k′ =
(k0, k
′). This simply says that we can write the fermionic
field as sum of two independent fields living close to one
of the Fermi points, up to a regular field. We can further
decompose
ĝρ(k) =
0∑
h=−∞
ĝ(h)ρ (k) (10)
with ĝ
(h)
ρ (k) similar to ĝρ(k) with χ replaced by fh
with, where fh(k) is non vanishing in a region γ
h−1 ≤√
k20 + v
2
Fk
′2 ≤ γh+1, with vF = sin pF . After the inte-
gration of ψ(u.v.), ψ(0), .., ψ(h+1) the generating function
has the form
eW (φ,J) =
∫
P (dψ(≤h))eV
(h)(ψ)+B(h)(ψ,φ,J) (11)
where P (dψ(≤h)) has propagator g(≤h)ρ =
∑h
k=−∞ g
(k)
ρ
and V(h)(ψ) =∑
m,n,ρ
∫
dk′1...dk
′
mW
(h)
m,n(k
′)ψε1(≤h)ρ1,k′1 ...ψ
εm(≤h)
ρm,k′m
δn,m(k
′)
(12)
where δn,m(k
′) is a Lβ times a periodic Kronecker delta
non vanishing for
m∑
i=1
εiρik
′
i = −
m∑
i=1
εiρipF + 2npiω + 2lpi (13)
with n = 0, 1, 2 and l = 0,±1, .. The kernels W (h)m,n are
sum of Feynman diagrams obtained connecting vertices
u, U or ν with propagators g(k) with k > h ; B(h) is given
by a similar expression with the only difference that some
of the external lines are associated to φ or J external
fields. In each of the Feynman diagrams contributing
to W
(h)
m,n there are a set of vertices ueiσipiωx, σi = ±
and n =
∑
i σi. The relation (13) is the momentum
conservation; when the r.h.s. is vanishing the momentum
measured from the Fermi points is also conserved. The
single scale propagator has the following form
g(h)ρ (k
′) = g(h)rel,ρ(k
′) + r(h)(k′) (14)
where g
(h)
rel,ρ(k
′) = fh(k
′)
−ik0+ρvF k′ is the dominant part of the
propagator and r(h)(k′); therefore in the above RG pro-
cedure naturally emerges a description in terms of mass-
less relativistic chiral fermions with propagator g
(h)
rel,ρ(k
′).
Note also that in the effective potential V(h) appear terms
with any n,m, and only a few of them were originally
present in the initial potential V .
According to power counting arguments, the quartic
terms are marginal and the quadratic terms are relevant;
all other terms are irrelevant. There are then apparently
infinitelymany dimensionally relevant or marginal terms,
depending on the value of n in (12). A natural distinction
is if the r.h.s. of (13) is vanishing or not. The first case
corresponds to processes exactly connecting the Fermi
points; this happens in the following cases, if m = 2, 4:
a)m = 4, n = 0 and
∑
i ρiεi = 0 (effective interaction
of the form ψ++ψ
−
+ψ
+
−ψ
−
−); b)m = 4, |n| = 4nF and
|∑i εiρi| = 4 (effective interaction ψ++ψ−−ψ++ψ−− whose
local part is vanishing, so is indeed irrelevant);c) m = 2,
|n| = 0, ρ1 = ρ2 (chemical potential ψ+ρ ψ−ρ ); d) m = 2,
|n| = 2nF , ρ1 = −ρ2 (gap ψ+ρ ψ−−ρ).
The other case is when the r.h.s. of (13) in non van-
ishing and here comes the main difference between the
periodic and quasi-periodic case. In the periodic case
when ω is rational the r.h.s. of (13) is large (if non van-
ishing); as the fields ψ(≤h) carry a momentum k′ with
size smaller that γh, the condition (13) cannot be satis-
fied and such terms are vanishing for large |h|; therefore
the terms with m = 2, 4 such that r.h.s. of (13) is non
vanishing are indeed trivially irrelevant in the periodic
case. In the quasi-periodic case instead the r.h.s of (13)
can be arbitrarily small due to Umklapp (the momentum
is defined modulo 2pi for the presence of the lattice) , so
that terms with large n in (13) persist at any Renormal-
ization Group iteration. It is remarkable that dangerous
processes in the infrared behavior are generated by the
4exchange of large momenta, which is a sort of ultraviolet-
infrared mixing problem. We will see in next section that
the relevance or irrelevance of such terms depends in a
subtle way from number theoretical properties of the fre-
quency ω and the velocity of decay of the Fourier trans-
form of the quasi-periodic potential.
IV. IRRELEVANCE OF THE NON RESONANT
TERMS
According to the above analysis, it is natural to dis-
tinguish in the effective potential (12) between two kind
of terms; in the resonant terms there is conservation of
the momentum measured from the Fermi points, that is
the r.h.s. of (13) is vanishing
∑
i ρipF +2npiω+2lpi = 0;
when the above condition is violated the terms are non
resonant. We show now that if ω is irrational the non
resonant terms are irrelevant, even if dimensionally rele-
vant or marginal. Roughly speaking the reason is that,
by the Diophantine condition (2), the r.h.s. of (13) is
very small only if n is very large; this can produce a gain
factor, provided that the decay of the harmonics of the
potential is fast enough.
In order to put on a quantitative basis the above idea it
is convenient, given a Feynman graph, to consider a max-
imally connected subset of lines corresponding to prop-
agators with scale h ≥ hv with at least a scale hv, and
we call it cluster v; the nev lines external to the clus-
ter v have scale smaller then hv. Given a non maximal
cluster v with scale hv, there is surely a cluster v
′ with
scale hv′ > hv containing it. The clusters are therefore
subgraphs in which the propagators carries a scale larger
than the external lines, that is the momentum measured
from the Fermi points in the internal lines is larger than
in the external; they are a standard tool in renormaliza-
tion theory to avoid the so called overlapping divergences.
We call m¯v is the number of u, ν vertices internal to the
cluster v and not of any smaller one; in the cluster v there
are k2,v vertices ue
iσipiωx, σi = ± such that Nv =
∑
i σi,
so that |Nv| ≤ k2,v. To each Feynman graph is associated
a hierarchy of clusters; inside each cluster v there are Sv
maximal clusters, that is clusters contained only in the
cluster v and not in any smaller one, or trivial clusters
given by a single vertex. Each of such inner clusters are
connected by a tree of propagators with scale hv; by in-
tegrating the propagators in the tree and bounding the
others, and using that ,
∫
dx|g(h)ρ (x)| ≤ Cγ−h and that
|g(h)ρ (x)| ≤ Cγh we get that each graph of order k con-
tributing to W
(h)
m,n is bounded by the sum over the scales
of
CkUk1uk2γ(2−m/2)h
∏
v
γ(hv−hv′ )Dv
∏
v
γ−hvm¯v (15)
where k is the perturbative order, k = k1 + k2 and Dv =
2 − nev/2 is the scaling dimension of the cluster v. The
estimate (15) (a versions of Weinberg theorem for this
model) says that no infrared divergence are present in
the thermodynamic limit provided that there are no inner
subgraphs v with four or two external lines and there are
only quartic interactions. Indeed if Dv < 0 and m¯v = 0
for any v one can sum over the scales hv obtaining a finite
result: on the contrary if Dv = 0 for some v one gets a
factor |h| corresponding to a logarithmic divergence and
if Dv = −1 a factor γ−h summing over the scales.
In getting the above bound we have however not taken
into account that ω is irrational and verifies the Diophan-
tine condition. Indeed if v is a non resonant cluster with
m external lines and verifying
∑m
i=1 εiρipF + 2Nvpiω +
2lpi 6= 0 then, by using (2)
mγhv′ ≥ ||
m∑
i=1
ρik
′
i|| ≥
||
m∑
i=1
ρinFpiω + 2Nvpiω|| ≥ C0(|nF |+ |Nv|)−τ (16)
which implies that
|Nv| ≥ Cγ
−h
v′
τ (17)
On the other hand Nv =
∑
i σi and |Nv| ≤ k2,v so that
in a non resonant cluster there are necessarily a large
number of u vertices k2,v ≥ C˜γ−hv′/τ , and the associated
factor uk2,v is therefore very small. By (17) we get, for
c < 1
c−k2 ≤
∏
v
c−k2,v2
h
v′
−1 ≤
∏
v
c−C2
hvγ−hv/τSNRv (18)
where SNRv are the non resonant clusters contained in
v. Therefore for each non-resonant cluster v with 2 or
4 external lines we have, by choosing γ
1
τ /2 = γη > 1,
than such factor is bounded by
∏
v γ
4hvS
NR
v ; this is con-
sequence of the fact e−| log c|C2
−ηh ≤ γNh[log cC]N ]eN . We can
use the factor
∏
v,nev>4
γ(hv−hv′)Dv to sum over the scales
hv ≤ hv′ ; regarding the cluster with two or four external
lines we distinguish between resonant clusters v ∈ R and
non resonant clusters v ∈ NR; in the second case∏
v∈NR,nev=2,4
γ(hv−hv′ )Dv
∏
v
γ2hvS
NR
v ≤
∏
v∈NR,nev=2,4
γhv
(19)
so that the sum over the scales of the non resonan clus-
ters with 2 or 4 external lines can be done. Finally the
resonant clusters v ∈ R is the union of R1 and R2, with
R1 containing at least one non-resonant vertex and R2
containing only resonant vertices; therefore∏
v∈R,nev=2,4
γ(hv−hv′)Dv
∏
v
γ2hvS
NR
v ≤ (20)
[
∏
v∈R1,nev=2,4
γ(hv−hv′ )Dvγhv ][
∏
v∈R2,nev=2,4
γ(hv−hv′)Dv ]
Therefore the only source of infraed divergences is due a)
to the resonant clusters with nev = 2, 4 containing only
5resonant clusters; b) to the resonant clusters with nev = 2
containing at least one non-resonant cluster. The fac-
tor ck2 is absorbed in Ck. We see that there are no
infrared divergences provided that there are no resonant
subgraphs with 2 or 4 external lines; in other words all
the non resonant terms are irrelevant.
A similar argument could be repeated even if all the
harmonics are present in the quasi periodic potential,
that is by choosing φx =
∑
n φ̂ne
2inpiωx, provided that
φ̂n decays exponentially fast, for instance |φ̂n| ≤ e−ξ|n|,
see [21]. On the other hand, some kind of fast decaying
condition is necessary for proving the irrelevance of the
non resonant terms; if the decay is too slow the above
argument does not provide any gain for the non resonant
terms. This is the case of Fibonacci potential considered
in [22],[23], in which the Fourier coefficients decay only
as O(n−1).
V. RENORMALIZED EXPANSION
In the previous section we have identified the danger-
ous terms producing infrared divergences in thermody-
namic limit; such divergences has to be removed in or-
der to get physical informations from the expansions.
We have to set-up a different integration procedure in
which the resonant terms which are dimensionally rele-
vant or marginal are renormalized; in this way one pro-
duces an expansion in terms of running coupling con-
stants in which no infrared divergences are present. Of
particular importance are the quadratic resonant terms
with ρ1 = −ρ2, corresponding to the generation of a gap.
Note that only when nF = 1 the initial interaction V
contains such terms, but if nF > 1 they are generated by
higher order terms in the RG iterations. It is convenient
then to add to the effective action a term of the form
∑
ρ
∫
dkσ(k)ψ+k,ρψ
−
k′,−ρ−
∑
ρ
∫
dkα(k)ψ+k,ρψ
−
k′,−ρ (21)
and include the first term in the free integration so that
the propagator becomes massive; α is chosen so that the
flow of the resonant quadratic terms is bounded. At the
end we impose the condition α(u, U, σ) = σ determining
σ(u, U), so proving the generation of the gap in the orig-
inal problem. In the case nF = 1 this is of course not
necessary (α = σ = 0).
The integration procedure of the generating functions
starts, as before, integrating the ultraviolet field ψ(u.v.);
we can include the σ term in the free integration so that
the generating function has the form (we set φ = J = 0
and nF > 1)
eW(0,0) =
∫
P1,σ0(dψ
(≤0))eV
(0)(ψ(≤0)) (22)
where P1,σ0(dψ
≤0) which has propagator given by
g
(≤0)
ρ,ρ′ (x− y) =
∫
dke−ik(x−y)χ0(k)× (23)( −ik0 + vF sink′ + c(k′) σ0(k′)
σ0(k
′) −ik0 − vF sin k′ + c(k′)
)−1
ρ,ρ′
with σ0 is equal to σ (or to u is nF = 1)up to higher
order corrections, c(k) = cos pF (cos k
′ − 1), and V(0) is
given by an expression similar to (12), in which now the
kernelsW
(0)
m,n are series in u, U, α, ν. We describe the RG
procedure iteratively. Assume that we have integrated
ψ(0), ψ(−1), ..., ψ(h+1) obtaining
eW(0,0) =
∫
PZh,σh(dψ
(≤h))eV
(h)(
√
Zhψ
≤h) (24)
where
g
(≤h)
ρ,ρ′ (x− y) =
1
Zh
∫
dke−ik(x−y)χh(k)× (25)( −ik0 + vF sink′ + c(k′) σh(k′)
σh(k
′) −ik0 − vF sin k′ + c(k′)
)−1
ρ,ρ′
and V(h) is a sum of monomials with kernelsW (h)n which
are expressed as sum of renormalized Feynman diagrams
with vertices or associated to the running coupling con-
stants λk, δk, νk, αk, k > h or to the non resonant terms
u present in V ; they depend also from σk, Zk through the
propagators. The single scale propagator is equal to (14)
up to terms with the same scaling properties and an extra
σhγ
−h in the diagonal, and an extra (σhγ−h)2 in the non
diagonal component. We have to extract from the effec-
tive potential V(h) the non irrelevant part which is called
LV(h); that is we write V(h) = LV(h) +RV(h) with R =
1 − L. L acts non trivially only on the resonant terms.
In particular R renormalize the non irrelevant subgraphs
eliminating the infrared divergences. The presence of a
mass has the effect that we integrate up a mass scale h∗
defined by the condition γh
∗
= σh∗ , σh = σh(0); we will
see that σh ∼ σ0γηµh with ηµ = O(λ). The scales ≤ h∗
can be integrated in a single step.
When m = 2, ρ1 = ρ2 the localization operation is
LW (h)ρ,ρ (k′) = P0W (h)ρ,ρ (0) + k′∂P0W (h)ρ,ρ (0) (26)
where P0 sets all the σk = 0 in the propagators in the
kernels; note that P0W
(h)
ρ,ρ (k′) minus the r.h.s. of (26) is
1
2k
′2∂2P0W
(h)
ρ,ρ , so that a gain γ2(hv′−hv) is produced by
the R operation, which is sufficient to make the corre-
sponding sum over hv convergent. On the other hand in
1−P0 there is an extra (σhvγhv )2 (coming or from the correc-
tion to a diagonal propagator, or from a couple of diago-
nal propagators) producing an extra [σh∗
γh∗
]2(
σhv
σh∗
γh
∗
γhv )
2 ≤
γ
3
2 (h
∗−hv) which again eliminate the divergence. The
term P0W
(h)
ρ,ρ (0) contribute to the running coupling con-
stant νh, the term ∂0P0W
(h)
ρ,ρ (0) to the wave function
6renormalization Zh and ∂1P0W
(h)
ρ,ρ (0)− ∂0P0W (h)ρ,ρ (0)) to
the Fermi velocity renormalization. Regarding the bilin-
ear terms with ρ1 = −ρ2 we write W (h) = W (h)a,ρ,−ρ +
W
(h)
b,ρ,−ρ, where W
(h)
a,ρ,−ρ contains only graphs with ver-
tices λk, δk, νk so that in W
(h)
b , the rest, there is at least
an αk or an irrelevant vertex term u; we include the lin-
ear part in σ ofW
(h)
a,ρ,−ρ(0) (there is at least one σ and the
higher order terms have an extra (σhγ
−h)2) in the renor-
malization of σh and W
(h)
b,ρ,−ρ(k
′) in the renormalization
of αh.
Finally for the kernels with m = 4 and
∑
i ρiεi = 0LWh4 (k) = P0Wh4 (0) which is included in the renormal-
ization of λh. In conclusion with the above decompo-
sition of the effective potential and after a redefinition
of the effective wave function renormalization and gap ,
(24) is equal to∫
PZh−1,σh−1(dψ
≤h)e−L¯V
h(
√
Zh−1ψ
≤h)−R(
√
Zh−1ψ
≤h)
(27)
with
L¯Vh = γhνhFhν + γhαhFhα + δhFhδ + λhFλ (28)
where
Fλ =
∫ 4∏
i=1
dk′iψ
+
k′1,+
ψ−
k′2,+
ψ+
k′3,−ψ
−
k′4,−δ(
∑
i
σik
′
i) (29)
Fhν =
∑
ρ
∫
dk′ψ+k′,ρψ
−
k′,ρ F
h
α =
∑
ρ
∫
dk′ψ+k′,ρψ
−
k′,−ρ
Fhδ =
∑
ρ
∫
dk′ρvF sin k′ψ+k′,ρψ
−
k′,ρ (30)
The terms
∫
dk′ψ+k′,ρψ
+
k′,−ρ and
∫
dk′(−ik0 +
vF ρ sin k
′)ψ+k′,ρψ
+
k′,ρ have been included in the free
integration to produce the renormalization of σh and
Zh. In conclusion we write PZh−1,σh−1 (dψ
≤h−1) =
PZh−1,σh−1(dψ
≤h−1)PZh−1,σh−1(dψ
(h)) and we can inte-
grate the field ψ(h) obtaining an expression similar to
(24) from which the procedure can be iterated. A similar
analysis can be repeated in presence of the source term∫
dk′1dk
′
2W2,1(k
′
1,k
′
2)Jψ
+
ρ1,k′1
ψ+ρ1,k′2
; in that case
LW (h)2,1 (k′1,k′2) = P0W (h)2,1 (0, 0) (31)
which is included in the non oscillating or oscillating
renormalization of the density Z
(1)
h or Z
+
h depending if
ρ1 = ρ2 or ρ1 = −ρ2.
The outcome of the above procedure is that the cor-
relations can be expressed by renormalized diagrams
functions of the running coupling constants and such
that the renormalization R acts on the resonant clus-
ters eliminating the infrared divergences; indeed the
sum over the scales can be done and on gets an es-
timate for graphs with l vertices Clεkhγ
(2−m/2)h where
εh = maxk≥h(|λk|, |αk|, |νk|, |δk|) and ẑv = 3/2; there-
fore the sum over the scale give a finite result. Note that,
from the above estimate, the graph with an irrelevant
term have an extra γh. The above bound has been de-
rived for a single graph but, due to cancellations related
to the anticommutativity of fermions, it is also valid for
the sum of all graphs of order n; it is then suitable to
establish analyticity, provided that εkh is bounded in h;
in order to verify this we have to study the flow of the
running coupling constants.
VI. THE FLOW OF THE RUNNING COUPLING
CONSTANTS
The expansion described in the previous section is con-
vergent provided that the effective couplings are small.
The flow of the relevant couplings αh, νh is controlled by
choosing properly α, ν and one gets
αh(k
′) ∼ u2nF γh νh ∼ (u+ |U |)γh (32)
and that λh, δh remain close to their initial value λ0, δ0.
To prove (32) we note that the flow equation for νh is
νh−1 = γ−h(ν0 +
h∑
k=0
γkβ(k)ν ) (33)
and by choosing ν0 so that ν0 +
∑−∞
k=0 γ
kβ
(k)
ν = 0 one
gets
νh−1 = −γ−h
h∑
k=−∞
γkβ(k)ν (34)
To β
(k)
ν contribute: a)terms with at least an irrelevant
vertex, which are ∼ γk; b)terms depending only from the
running coupling constants λ, δ; in this case the contribu-
tions containing only propagators g
(k)
L gives a vanishing
contributions, in the others there is an extra γh; c)terms
containg at least αh, νh which are ∼ γh. Using (34) we
get the second of (32). Similarly we write
αh−1(k′) = γ−h(α0(k′) +
h∑
k=0
γkβ(k)α (k
′)) (35)
and by choosing (α0 −
∑
k γ
hW
(h)
b,ω,−ω(k
′)) = 0 we get
αh−1(k′) = −γ−h
h∑
k=−∞
γkβ(k)α (k
′) (36)
By construction in β
(k)
α there is at least an irrelevant
term or an αk so that αh ∼ u2nF γh. The lowest order
contribution to
∫
dkWh(k′)ψ−k′,+ψ
−
k′,− is obtained by the
chain graph with 2nF u vertices propagators carrying
momentum k′ + (nF − 1)piω, ...., k′ − (nF + 1)piω, and
7the corresponding contribution to α0, obtained setting
k′ = 0, is anF u
2nF with, nF > 1
anF (k
′) =
2nF∏
k=1
1
−ik0 + cos(piω(nF − k))− cosnFpiω
(37)
which is non vanishing. Note that we can renormalize
simply subtracting anF (0), as is sum of clusters con-
taining at last a non resonant cluster, so by (20) a gain
γhv′−hv is sufficient. Regarding the higher order terms
the are at least O(u2nF+1) or O(Uu2nF ); by imposing
σ0 = α0 we get
σ0(k
′) = u2nF (anF (0) + uF1(u) + UF2(U, u)) (38)
with F1, F2 bounded; therefore the term anF dominates if
U, u are small enough. Regarding the flow for λh, δh again
we decompose the beta function in a part depending only
from λh, δh and propagators g
(k)
L , see (14), and a rest
which is ∼ γk (as there is a r(h) (14) or a αh, νh, or
irrelevant terms). This second part is summable while
the first coincides with the Luttinger model one and is
asymptotically vanishing so that
λh →h→−∞ λ−∞(U) = U(v̂(0)− v̂(2pF )) + ... (39)
and similarly δh →→−∞ δ−∞(U). The flow equation for
σ
σh−1(k′)
σh(k′)
= 1 + βhσ(k) ≡ eβ˜
h
σ(k
′) (40)
implies
σh−1(k′)
σ0(k′)
= e
∑0
k=h β˜
k
σ(k
′) (41)
We divide the beta function for σh in a part β
h
α,a de-
pending from g
(k)
L , see (14), and containing only the
vertex λk, δk and a rest β
h
α,b which is ∼ γh (as there
is a r(h) (14) or a νh, or irrelevant terms); moreover
β˜kσ(k
′)− β˜kσ(0) ∼ γh−k as k′ ∼ γh. Therefore
σh ∼ σ0(k′)γηµh ηµ = 1− λ−∞
2pivF
+ ... (42)
where the exponent ηµ takes contribution only from gL
depends only from λ−∞, δ−∞. Similarly the wave func-
tion and density renormalizations behaves as
Zh ∼ γηzh Z(1)h ∼ γηzh Z(+)h ∼ γη+h (43)
where ηz , η+ takes no contribution contribution only from
gL and λ−∞, δ−∞; again the contribution with α > k, νk
or from r(h) (14) are O(γh).
VII. GAP RENORMALIZATION AND
SCALING RELATIONS
The Renormalization Group is iterated up to a scale
h∗ such that σh∗ ∼ γh∗ ; as σh = σ0γηµh then γh∗ =
(σ0)
1
1−ηµ . All the scales< h∗ can be integrated in a single
step, as the scaling properties of the propagator g<h
∗
(x)
are the same as g(k)(x) for k ≥ h∗. As a consequence,
the 2-point propagator decays faster that any power with
rate γh
∗
= (σ0)
1
1−ηµ ; this provides an estimate of the gap
∆n,U ∼ (∆n,0 + Fn,U )Xn (44)
with Xn =
1
1−ηµ , ∆n,U is the gap in the non interacting
case and Fn,u,U is of order Uu
2nF . In conclusion when
pF = npiω the 2-point function decays for large distances
as
| < ψ−x ψ+y > | ≤
1
|x− y|1+ηz
CN
(∆n,U |x− y|)N (45)
for any integer N . Similarly the density-density correla-
tions can be written as
< ρxρy >= G1(x,y) + sin pF (x − y)G2(x,y) +G3(x,y)
(46)
where
|G2(x,y)| ≤ 1|x− y|2Kn
1
(∆n,U |x− y|)N (47)
with 2Kn = 2(1 + η+ − ηz); G1 and G3 verify similar
bounds with Kn replaced by 1 and 3/2 respectively. By
construction ηµ = η+− ηz and using that Xn = 11−ηµ we
get finally
Xn =
1
2−Kn (48)
Note that, for u, U small
∆n,U/∆n,0 ∼ u
−2n(1−Kn)
2−Kn (49)
and Kn > 1 for attractive interactions and < 1 for repul-
sive interactions; therefore the relative size of the gaps is
greatly decreased or increased depending from the attrac-
tive or repulsive nature of the interaction. Finally, as the
exponents depends from λ−∞, δ−∞ and g
(h)
L only, they
verify in addition the usual Luttinger liquid relations,
whose validity can be established by Ward Identities [26];
in particular the exponent in the 2-point function verifies
ηz =
2−Kn−K−1n
2 .
VIII. CONCLUSIONS
A non perturbative Renormalization Group analysis of
the interacting Aubry-Andre´ model for fermions, as real-
ized for instance in cold atoms experiments [6], has been
performed. We prove that, for weak coupling, all the in-
finitely many gaps persist, and no insulator-metal tran-
sition is present even if the chemical potential is in corre-
spondence of small gaps of the non interacting spectrum.
As only a single harmonic is present in the Aubry-Andre´
8potential, the gaps in the non interacting spectrum can
be generated at very high order and are therefore very
small; the relative size of small gaps is therefore greatly
enhanced or depressed depending from the nature of the
interaction, an effect which could be seen in experiments.
The gaps are renormalized by critical exponents verifying
exact scaling relations, and this is in apparent agreement
with numerical simulations in [18]. The behavior of the
Aubry-Andre´ model, in which all the gaps persists, is
therefore rather different from the scenario proposed in
[23] in the case of Fibonacci potential, in which even an
arbitrarily weak interaction closes small gaps and pro-
duces an insulating-metal transition. It is likely that an
extension of the methods adopted here can be also used
for a full analysis of the Fibonacci case beyond lowest
order truncation, to check the validity of this scenario.
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